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EIGENVALUES OF THE BUCKLING PROBLEM OF ARBITRARY ORDER
ON BOUNDED DOMAINS OF M× R
QIAOLING WANG AND CHANGYU XIA
Abstract. We obtain universal inequalities for eigenvalues of the buckling problem of arbitrary
order on bounded domains in M× R.
1. Introduction
Let Ω be a bounded domain with smooth boundary in an n(≥ 2)-dimensional Riemannian
manifold N and denote by ∆ the Laplace operator acting on functions on N. Let ν be the
outward unit normal vector field of ∂Ω and let us consider the following eigenvalue problem :{
(−∆)lu = −Λ∆u, in Ω,
u = ∂u∂ν = · · · =
∂l−1u
∂νn−1
= 0, on ∂Ω,
(1.1)
where l is an integer no less than 2. This problem is called the buckling problem of order l which
has interpretations in physics, that is, it describes the critical buckling load of a clamped plate
subjected to a uniform compressive force around its boundary. Let
0 < Λ1 ≤ Λ2 ≤ Λ3 ≤ · · ·
denote the successive eigenvalues for (1.1). Here each eigenvalue is repeated according to its mul-
tiplicity. An important theme of geometric analysis is to estimate these (and other) eigenvalues.
When l = 2 and Ω is a bounded domain in an n-dimensional Euclidean space Rn, in answering
a long standing question of Payne-Po´lya-Weinberg [8], Cheng and Yang [2] have obtained the
following universal inequality:
k∑
i=1
(Λk+1 − Λi)
2 ≤
4(n+ 2)
n2
k∑
i=1
(Λk+1 − Λi)Λi.(1.2)
On the other hand, when Ω is a bounded domain in an n-dimensional unit sphere Sn and l = 2,
the following universal inequality has been proved in [9]:
2
k∑
i=1
(Λk+1 − Λi)
2(1.3)
≤
k∑
i=1
(Λk+1 − Λi)
2
(
δΛi +
δ2(Λi − (n− 2))
4(δΛi + n− 2)
)
+
1
δ
k∑
i=1
(Λk+1 − Λi)
(
Λi +
(n− 2)2
4
)
,
where δ is an arbitrary positive constant.
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Recently, Cheng-Yang [3] improved (1.2) to
k∑
i=1
(Λk+1 − Λi)
2 ≤
4
(
n+ 43
)
n2
k∑
i=1
(Λk+1 − Λi)Λi(1.4)
and conjectured that the following inequality is true:
k∑
i=1
(Λk+1 − Λi)
2 ≤
4
n
k∑
i=1
(Λk+1 − Λi)Λi.(1.5)
The inequality (1.3) has been improved in [6] and [3]. For arbitrary l, when Ω is a bounded
domain in a Euclidean space Rn or a unit sphere, Jost, Jost-Li, Wang and Xia [6] proved
some universal inequalities which have been improved by Cheng, Qi, Wang and Xia [1]. For
eigenvalues of the problem (1.1), in addition to considering the possible sharp inequalities,
another interesting question is to know for what kind of complete manifolds there exists universal
upper bound on Λk+1 in terms of Λ1, · · · ,Λk independent of the domains. Recently, universal
inequalities for eigenvalues of the (1.1) have been obtained for bounded domains of some special
Ricci flat manifolds in [4].
In this paper, we prove the following result.
Theorem 1.1. Let M be a complete Riemannian manifold and let Ω be a bounded domain of
the Riemannian product manifold M×R. Denote by Λi the ith eigenvalue of the problem (1.1).
Then for any positive non-increasing monotone sequence {δi}
k
i=1 we have
k∑
i=1
(Λk+1 − Λi)
2(1.6)
≤
(
2l2 −
11
3
l +
5
3
) k∑
i=1
δi(Λk+1 − Λi)
2Λ
(l−2)/(l−1)
i +
k∑
i=1
1
δi
(Λk+1 − Λi)Λ
1/(l−1)
i .
Corollary 1.2. Under the same conditions as in Theorem 1.1, we have
k∑
i=1
(Λk+1 − Λi)
2 ≤ 4
(
2l2 −
11
3
l +
5
3
) k∑
i=1
(Λk+1 − Λi)Λi.(1.7)
Proof of Corollary 1.2. Taking
δ1 = · · · = δk =
(∑k
i=1(Λk+1 − Λi)Λ
1/(l−1)
i
) 1
2
((
2l2 − 113 l +
5
3
)∑k
i=1(Λk+1 − Λi)
2Λ
(l−2)/(l−1)
i
) 1
2
in (1.6) and using (Cf. [7])(
k∑
i=1
(Λk+1 − Λi)
2Λ
(l−2)/(l−1)
i
)(
k∑
i=1
(Λk+1 − Λi)Λ
1/(l−1)
i
)
(1.8)
≤
(
k∑
i=1
(Λk+1 − Λi)
2
)(
k∑
i=1
(Λk+1 − Λi)Λi
)
,
we get (1.7).
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2. A Proof of Theorem 1.1
Before proving our result, let us recall some known facts we need. Let M be a complete
manifold and let N = M × R = {(x, t)|x ∈ M, t ∈ R} with the product metric of M and R.
Let Ω(⊂ N) be a bounded domain with smooth boundary. Since any complete Riemannian
manifold can be isometrically embedded in some Euclidaen space, we can think of our N as a
submanifold of some Rq. Let us denote by 〈, 〉 the canonical metric on Rq as well as that induced
on N. Denote by ∆ and ∇ the Laplacian and the gradient operator of N, respectively. Let ui
be the i-th orthonormal eigenfunction of the problem (1.1) corresponding to the eigenvalue Λi,
i = 1, 2, · · · , that is, 

(−∆)lui = −Λi∆ui, in Ω,
ui =
∂ui
∂ν = · · · =
∂l−1ui
∂νl−1
= 0, on ∂Ω,
(ui, uj)D =
∫
Ω〈∇ui,∇uj〉 = δij , ∀ i, j.
(2.1)
For functions f and g on Ω, the Dirichlet inner product (f, g)D of f and g is given by
(f, g)D =
∫
Ω
〈∇f, ∇g〉.
The Dirichlet norm of a function f is defined by
||f ||D = {(f, f)D}
1/2 =
(∫
Ω
|∇f |2
)1/2
.
For each k = 1, · · · , l, let ∇k denote the k-th covariant derivative operator on N, defined in
the usual weak sense. For a function f on Ω, the squared norm of ∇kf is defined as (cf. [5])
∣∣∣∇kf ∣∣∣2 = n∑
i1,··· ,ik=1
(
∇kf(ei1 , · · · , eik)
)2
,(2.2)
where e1, · · · , en are orthonormal vector fields locally defined on Ω. Define the Sobolev space
H2l (Ω) by
H2l (Ω) = {f : f, |∇f |, · · · ,
∣∣∣∇lf ∣∣∣ ∈ L2(Ω)}.
Then H2l (Ω) is a Hilbert space with respect to the inner product 〈〈, 〉〉:
〈〈f, g〉〉 =
∫
Ω
(
l∑
k=0
∇kf · ∇kg
)
,(2.3)
where
∇kf · ∇kg =
n∑
i1,··· ,ik=1
∇kf(ei1 , · · · , eik)∇
kg(ei1 , · · · , eik).
Consider the subspace H2l,D(Ω) of H
2
l (Ω) defined by
H2l,D(Ω) =
{
f ∈ H2l (Ω) : f |∂Ω =
∂f
∂ν
∣∣∣∣
∂Ω
= · · ·
∂l−1f
∂νl−1
∣∣∣∣
∂Ω
= 0
}
.
The operator (−∆)l defines a self-adjoint operator acting on H2l,D(Ω) with discrete eigenvalues
0 < Λ1 ≤ · · · ≤ Λk ≤ · · · for the buckling problem (1.1) and the eigenfunctions {ui}
∞
i=1 defined in
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(2.1) form a complete orthonormal basis for the Hilbert space H2l,D(Ω). If φ ∈ H
2
l,D(Ω) satisfies
(φ, uj)D = 0, ∀j = 1, 2, · · · , k, then the Rayleigh-Ritz inequality tells us that
Λk+1||φ||
2
D ≤
∫
Ω
φ(−∆)lφ.(2.4)
For vector-valued functions F = (f1, f2, · · · , fm), G = (g1, g2, · · · , gm) : Ω → R
q, we define an
inner product (F,G) by
(F,G) ≡
∫
Ω
〈F,G〉 =
∫
Ω
q∑
α=1
fαgα.
The norm of F is given by
||F || = (F,F )1/2 =
{∫
Ω
q∑
α=1
f2α
}1/2
.
Let H21(Ω) be the Hilbert space of vector-valued functions given by
H21(Ω) =
{
F = (f1, · · · , fq) : Ω→ R
q; fα, |∇fα| ∈ L
2(Ω), for α = 1, · · · ,m
}
with inner product 〈, 〉1:
〈F,G〉1 = (F,G) +
∫
Ω
q∑
α=1
〈∇fα,∇gα〉.
Observe that a vector field on Ω can be regarded as a vector-valued function from Ω to Rq. Let
H21,D(Ω) ⊂ H
2
1(Ω) be a subspace of H
2
1(Ω) spanned by the vector-valued functions {∇ui}
∞
i=1,
which form a complete orthonormal basis of H21,D(Ω). For any f ∈ H
2
l,D(Ω), we have ∇f ∈
H21,D(Ω) and for any X ∈ H
2
1,D(Ω), there exists a function f ∈ H
2
l,D(Ω) such that X = ∇f .
Consider the function g : Ω → R given by g(x, t) = t. The vector fields g∇ui can be
decomposed as
g∇ui = ∇hi +Wi,(2.5)
where hi ∈ H
2
l,D(Ω),∇hi is the projection of g∇hi in H
2
l,D(Ω), Wi⊥H
2
l,D(Ω) and{
Wi |∂Ω = 0,
divWi = 0.
(2.6)
Since N is endowed with the product metric of M and R, it is easy to see that
|∇g| = 1, ∇2g = 0, Ric(∇g,X) = 0,(2.7)
for any vector fields X ∈ X(Ω), where Ric denotes the Ricci tensor of N. Substituting (2.7) into
the Bochner formula, we obtain for any smooth f : Ω→ R that
∆〈∇f,∇g〉 = 2∇2f · ∇2g + 〈∇f,∇(∆g)〉 + 〈∇g,∇(∆f)〉 + 2Ric(∇g,∇f)(2.8)
= 〈∇g,∇(∆f)〉.
In the proof of Theorem 1.1, we shall use (2.5)-(2.8) repeatedly. Now we can prove the main
result in this paper.
Proof of Theorem 1.1. For each i = 1, · · · , k, let us consider the functions φi : Ω → R
given by
φi = hi −
k∑
j=1
bijuj ,(2.9)
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where bij =
∫
Ω g〈∇ui,∇uj〉 = bji and hi is given in (2.5). Since
φi|∂Ω =
∂φi
∂ν
∣∣∣∣
∂Ω
= · · · =
∂l−1φi
∂νl−1
∣∣∣∣
∂Ω
= 0,
∫
Ω
〈∇φi,∇uj〉 = 0, j = 1, · · · , k,
we have from the Rayleigh-Ritz inequality that
Λk+1
∫
Ω
|∇φi|
2 ≤
∫
Ω
φi(−∆)
lφi, ∀i = 1, · · · , k.(2.10)
Using (2.5)-(2.9) and the same calculations as in [4] we get (Cf. (3.17)-(3.20) in [4])∫
Ω
φi(−∆)
lφi(2.11)
=
∫
Ω
(−1)l(2l2 − 4l + 3)〈∇g,∇ui〉〈∇g,∇(∆
l−2ui)〉
+
∫
Ω
(−1)l(−l + 1)ui∆
l−1ui + Λi
{∫
Ω
g2|∇ui|
2 −
∫
Ω
u2i
}
−
k∑
j=1
Λjb
2
ij,
2
∫
Ω
〈g∇ui,∇〈∇g,∇ui〉〉 = −1,(2.12)
and
cij ≡
∫
Ω
〈∇〈∇g,∇ui〉,∇uj〉 = −cji.(2.13)
Substituting
||g∇ui||
2 = ||∇hi||
2 + ||Wi||
2, ||∇hi||
2 = ||∇φi||
2 +
k∑
j=1
b2ij(2.14)
and (2.12) into (2.11), we get
(Λk+1 − Λi)||∇φi||
2(2.15)
≤
∫
Ω
(−1)l(2l2 − 4l + 3)〈∇g,∇ui〉〈∇g,∇(∆
l−2ui)〉
+
∫
Ω
(−1)l(−l + 1)ui∆
l−1ui + Λi(||ui||
2 − ||Wi||
2) +
k∑
j=1
(Λi − Λj)b
2
ij ,
where for a function f : Ω→ R, ||f ||2 =
∫
Ω f
2 and for a vector field X ∈ X(Ω), ||X||2 =
∫
Ω |X|,
|X| being the length of X.
It is easy to see from (2.5) and (2.9) that (Cf. (3.20) in [4])
1 + 2
k∑
j=1
bijcij = −2
∫
Ω
〈∇φi,∇〈∇g,∇ui〉〉 .(2.16)
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Thus, we have
(Λk+1 − Λi)
2

1 + 2 k∑
j=1
bijcij

(2.17)
= (Λk+1 − Λi)
2

−2∫
Ω
〈
∇φi,∇〈∇g,∇ui −
k∑
j=1
cij∇uj
〉
≤ δi(Λk+1 − Λi)
3||∇φi||
2 +
1
δi
(Λk+1 − Λi)

||∇〈∇g,∇ui〉||2 − k∑
j=1
c2ij

 .
Summing on i from 1 to k in (2.17), using (2.15) and noticing aij = aji, cij = −cji, we get
k∑
i=1
(Λk+1 − Λi)
2 − 2
k∑
i,j=1
(Λk+1 − Λi)(Λi − Λj)bijcij(2.18)
≤
k∑
i=1
δi(Λk+1 − Λi)
2
(∫
Ω
(−1)l(2l2 − 4l + 3)〈∇g,∇ui〉〈∇g,∇(∆
l−2ui)〉
+
∫
Ω
(−1)l(−l + 1)ui∆
l−1ui + Λi(||ui||
2 − ||Wi||
2)
)
+
k∑
i=1
1
δi
(Λk+1 − Λi)||∇〈∇g,∇ui〉||
2
+
k∑
i,j=1
δi(Λk+1 − Λi)
2(Λi − Λj)b
2
ij −
k∑
i,j=1
1
δi
(Λk+1 − Λi)c
2
ij .
Since {δi} is a non-increasing monotone sequence, we have
k∑
i,j=1
δi(Λk+1 − Λi)
2(Λi − Λj)b
2
ij(2.19)
= −
k∑
i,j=1
δi(Λk+1 − Λi)(Λi − Λj)
2b2ij +
1
2
k∑
i,j=1
(Λk+1 − Λi)(Λk+1 − Λj)(δi − δj)(Λi − Λj)b
2
ij
≤ −
k∑
i,j=1
δi(Λk+1 − Λi)(Λi − Λj)
2b2ij.
Substituting (2.19) into (2.18), we conclude
k∑
i=1
(Λk+1 − Λi)
2(2.20)
≤
k∑
i=1
δi(Λk+1 − Λi)
2
(∫
Ω
(−1)l(2l2 − 4l + 3)〈∇g,∇ui〉〈∇g,∇(∆
l−2ui)〉
+
∫
Ω
(−1)l(−l + 1)ui∆
l−1ui − Λi(||ui||
2 − ||Wi||
2)
)
+
k∑
i=1
1
δi
(Λk+1 − Λi)||∇〈∇g,∇ui〉||
2.
Before we can finish the proof of Theorem 1.1, we shall need some lemmas.
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Lemma 2.1. We have
i) (Cf. (2.6) in [6]). 0 ≤
∫
Ω ui(−∆)
kui ≤ Λ
(k−1)/(l−1)
i , k = 1, · · · , l − 1.
ii) (Cf. (3.26) in [4]). ||∇〈∇g,∇ui〉||
2 ≤ Λ
1/(l−1)
i .
iii) (Cf. (3.33) in [4]).
∫
Ω
〈
∇g,∇
(
(−∆)l−2ui
)〉
〈∇g,∇ui〉 ≤ Λ
(l−2)/(l−1)
i .
Lemma 2.2. We have
− Λi(||ui||
2 − ||Wi||
2) ≤ −
2(l + 1)
3
∫
Ω
〈
∇g,∇
(
(−∆)l−2ui
)〉
〈∇g,∇ui〉(2.21)
+
1
3
∫
Ω
ui(−∆)
l−1ui.
Proof of Lemma 2.2. Firstly, we prove the following equality:
− Λi(||ui||
2 − ||Wi||
2) = −
l + 1
2
∫
Ω
〈
∇g,∇
(
(−∆)l−2ui
)〉
〈∇g,∇ui〉(2.22)
−
1
4
Λi||ui||
2 +
1
4
∫
Ω
ui(−∆)
l−1ui.
Observe that ∇(gui) = ui∇g + g∇ui ∈ H
2
1,D(Ω). Set yi = gui − hi; then
ui∇g = ∇yi −Wi.(2.23)
and so
||ui||
2 = ||ui∇g||
2 = ||Wi||
2 + ||∇yi||
2.(2.24)
We have
−
∫
Ω
yig∆ui =
∫
Ω
〈∇yi, g∇ui〉+
∫
Ω
yi〈∇g,∇ui〉(2.25)
=
∫
Ω
〈∇yi, g∇ui〉 −
∫
Ω
〈∇yi, ui∇g〉
=
∫
Ω
〈∇yi, g∇ui〉 − ||∇yi||
2
=
∫
Ω
〈ui∇g +Wi, g∇ui〉 − ||∇yi||
2
=
1
4
∫
Ω
〈∇g2,∇u2i 〉+ ||Wi||
2 − ||∇yi||
2
= −
1
4
∫
Ω
u2i∆g
2 + ||Wi||
2 − ||∇yi||
2
= −
1
2
||ui||
2 + ||Wi||
2 − ||∇yi||
2
= −2(||ui||
2 − ||Wi||
2) +
1
2
||ui||
2,
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∆l−1ui〈∇yi,∇g〉
=−
∫
Ω
yi〈∇(∆
l−1ui),∇g〉
=−
∫
Ω
yi∆〈∇(∆
l−2ui),∇g〉
=
∫
Ω
〈∇yi,∇〈∇(∆
l−2ui),∇g〉〉
=
∫
Ω
〈ui∇g,∇〈∇(∆
l−2ui),∇g〉〉
=−
∫
Ω
〈∇g,∇(∆l−2ui)〉〈∇ui,∇g〉
(2.26)
and ∫
Ω
gui〈∇g,∇(∆
l−1ui)〉
=
∫
Ω
gui∆
l−1〈∇g,∇ui〉
=
∫
Ω
∆l−1(gui)〈∇g,∇ui〉
=−
∫
Ω
〈ui∇g,∇(∆
l−1(gui))〉
=−
∫
Ω
〈∇yi,∇(∆
l−1(gui))〉
=
∫
Ω
yi∆
l(gui)
=
∫
Ω
yi(2l〈∇(∆
l−1ui),∇g〉+ g∆
lui)
=− 2l
∫
Ω
∆l−1ui〈∇yi,∇g〉+ Λi(−1)
l−1
∫
Ω
yig∆ui.
(2.27)
It follows from (2.25)-(2.27) that∫
Ω
gui〈∇g,∇(∆
l−1ui)〉(2.28)
= 2l
∫
Ω
〈∇g,∇(∆l−2ui)〉〈∇ui,∇g〉 + (−1)
l−1Λi
(
−
1
2
||ui||
2 + 2(||ui||
2 − ||Wi||
2)
)
.
On the other hand, we also have∫
Ω
gui〈∇g,∇(∆
l−1ui)〉
=
∫
Ω
gui∆
l−1〈∇ui,∇g〉
=
∫
Ω
∆l−1(gui)〈∇ui,∇g〉
=
∫
Ω
(
2(l − 1)〈∇(∆l−2ui),∇g〉 + g∆
l−1ui
)
〈∇ui,∇g〉
(2.29)
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and ∫
Ω
gui〈∇g,∇(∆
l−1ui)〉 = −
∫
Ω
∆l−1ui(ui + g〈∇ui,∇g〉).(2.30)
Adding (2.29) and (2.30), we infer∫
Ω
gui〈∇g,∇(∆
l−1ui)〉(2.31)
=
∫
M
{
(l − 1)(〈∇(∆l−2ui),∇g〉〈∇ui,∇g〉 −
1
2
ui∆
l−1ui
}
.
Combining (2.28) and (2.31), one gets (2.22).
Substituting
− ||ui||
2 ≤ −(||ui||
2 − ||Wi|
2)
into (2.22), we obtain (2.21). This completes the proof of Lemma 2.2.
Let us continue on the proof of Theorem 1.1. Substituting (2.21) into (2.20) and using Lemma
2.1, we have
k∑
i=1
(Λk+1 − Λi)
2(2.32)
≤
k∑
i=1
δi(Λk+1 − Λi)
2
((
2l2 − 4l + 3−
2(l + 1)
3
)∫
Ω
〈∇g,∇ui〉〈∇g,∇((−∆)
l−2ui)〉
+
∫
Ω
(
l − 1 +
1
3
)
ui(−∆)
l−1ui
)
+
k∑
i=1
1
δi
(Λk+1 − Λi)||∇〈∇g,∇ui〉||
2
≤
k∑
i=1
δi(Λk+1 − Λi)
2
(
2l2 −
11
3
l +
5
3
)
Λ
(l−2)/(l−1)
i
+
k∑
i=1
1
δi
(Λk+1 − Λi)Λ
1/(l−1)
i .
This completes the proof of Theorem 1.1.
3. Concluding Remarks
By using (2.7), (2.8) and the same arguments as in the proof of Theorem 1.3 in [4], one can
prove the following result.
Theorem 3.1. Let M be a complete Riemannian manifold and let Ω be a bounded domain of
the Riemannian product manifold M× R. Denote by Γi be the ith eigenvalue of the problem{
(−∆)lu = −Γu, in Ω,
u = ∂u∂ν = · · · =
∂l−1u
∂νn−1
= 0, on ∂Ω.
Then we have
k∑
i=1
(Γk+1 − Γi)
2 ≤ 2
{
l(2l − 1)
k∑
i=1
(Γk+1 − Γi)Γ
(l−1)/l
i
} 1
2
{
k∑
i=1
(Γk+1 − Γi)Γ
1/l
i
} 1
2
.
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